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CANONICAL STABILITY OF 3-FOLDS OF GENERAL 

TYPE WITH pg > 3 


MENG CHEN 

Abstract. We study the canonical stability of a smooth projec¬ 
tive 3-fold V of general type. We prove that |5Ay| gives a bi- 
rational map onto its image provided Pg > 4. For those V with 
Pg = 3, l6Ay| gives a birational map. Known examples show that 
both the results are optimal. 


1. Introduction 

Throughout the base held is C. Let F be a smooth projective variety 
with k(V) > 0. For all integer m > 0, one may dehne the so-called m- 
canonical map $^5 which is nothing but the rational map correspond¬ 
ing to the complete linear system \mKv\- Within birational geometry, 
to study the behavior of has been one of the classical and impor¬ 
tant aspects. When dimF < 2, the behavior of is known quite well 
according to works by a long list of authors. When dimF > 3, known 
results on are partial and there remains a lot of open problems on 
this topic. In this paper, we study a 3-fold of general type. 

Assume dimF = k(F) = 3. According to Mori’s MMP, V has a 
minimal model X with only Q-factorial terminal singularities. Denote 
by Kx the canonical Weil divisor on X. One may also dehne the m- 
canonical map corresponding to the complete linear system \mKx\- 
Modulo birational equivalence, both and pm share lots of common 
properties, e.g. birationality. In general, it doesn’t make sense to study 
the basepoint freeness of \mKx\ unless m is divisible by the canonical 
index r{X). However, one may consider the birationality of or (pe¬ 
lt’s well-known that, for a given V, ^m{v) is birational onto its image 
whenever miV) 3> 0. Therefore quite an interesting thing to do is to 
answer the following question which is still open 

Question 1.1. Let F be a smooth projective 3-fold of general type. 

(1) Do there exist a universal lower bound N {N doesn’t depend on 
F) such that <I>m is birational onto its image for all m > N7 

(2) For a given F, what is the optimal lower bound mo(F) such that 
‘kmo(v) is birational? 
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Apart from the generally accepted importance of 1.1(1) above, we 
would like to emphasize here that 1.1(2) is equally important. For ex¬ 
ample, it is strongly related to 3-fold geography (see [12]) and, also, 
it can be applied to determine the automorphism group of V (see the 
Remark in |2H|). There has been partial results on Question II .11 Ac¬ 
cording to jUISlIIIl, ipm is a birational morphism onto its image if X 
is a minimal Gorenstein 3-fold of general type. For a general 3-fold V 
with q(y) > 0 or Pk{V) > 2, J. Kollar f[TK]i gave a positive answer 
to 0(1). For regular 3-folds of general type, T. Luo ([Hj) partially 
answered 0 : 1 ). There is, however, hardly no result on 0 : 2 ). The 
aim of this paper is to study 0 : 2 ) under an extra assumption. My 
main result is the following 

Theorem 1.2. Let V be a smooth projective 3-fold of general type. 

(1) Assume PgiV) = 3. Then $6 is birational onto its image. 

(2) Assume Pg{V) > 4. Then $5 is birational onto its image. 

The following examples show that Theorem II .21 is optimal. 

Example 1.3. In [Hj, Chiaruttini and Gattazzo has found a smooth 
projective 3-fold V of general type with qiV) = hA{Ov) = 0, PgiV) = 3. 
They verified, on V, that is birational if and only if m > 6 and 
that is generically hnite for 2 < m < 5. It is, in fact, not difficult 
to see that V is canonically hbred by curves of genus two. 

Example 1.4. Denote by S' a smooth minimal surface of general type 
with {Kg,pg{S)) = (1,2). Pick up a smooth curve Ck of genus k >2. 
Set Xk := S X Ck- Then pg{Xk) = 2/c > 4. It is obvious that the 4)4 of 
Xk is not birational. This is of course a trivial example. 

Example 1.5. On take a smooth hypersurface S of degree 10. 
S ~ lOH where iL is a hyperplane. Let X be a double cover over 
with branch locus along S. Then X is a nonsingular canonical model. 
Kx = 2 and Pg{X) = 4 and $1 is a hnite morphism onto P^ of degree 
2 . One may easily check that $4 is also a hnite morphism of degree 2. 

2. The general method 

2.1. Brief review on curves. We recall several facts which will be 
applied in the paper. 

(2.1.1) Let G be a smooth curve of genus > 2. Then ipm is an 
embedding for all m > 3. 

(2.1.2) Let G be a smooth curve of genus > 2. Assume D is a divisor 
on G. Then Kq + D is very ample whenever deg(D) > 3 and \Kc + D\ 
is basepoint free whenever deg(D) > 2. 

(2.1.3) Let G be a smooth non-hyperelliptic curve. Assume D is a 
divisor on G with deg(Zl) > 2. Then the rational map corresponding 
to \Kc + D\ gives a birational morphism onto its image. 
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2.2. Brief review of relevant results on surfaces. We only recall 
those cited in the paper. Let S' be a smooth minimal surface of general 
type. By [HISEl 13) 

(2.2.1) Lpm is a birational morphism onto its image for all m > 5. 

( 2 . 2 . 2 ) (fi is a birational morphism if and only if (iL|,pg(S')) 7 ^ ( 1 , 2 ). 

(2.2.3) o?3 is birational if and only if (Ko,p„(S)) 7^ ( 1 , 2 ) and (2,3). 

(2.2.4) \2Ks\ is basepoint free ii Pg{S) > 0. 

Proposition 2.3. Let S be a smooth projective surface of general type 
with {Kg^,pg{S)) = (1,2), where a : S ^ Sq is the contraction onto 
the minimal model. Assume L is a nef and big Q-divisor on S. Then 
the rational map corresponding to \Ks + ?)a*{KsQ) + is birational 
onto its image. 

Proof. First, it is easy to reduce to the case that the movable part of 
|(T*(iFs'p)| is basepoint free. So we may assume, from now on, that the 
movable part of |cT*(iF 5 (,)| is basepoint free. Denote by |G| the movable 
part of |cT*(iFs'p)|. Then IG*! is composed of a rational pencil of curves of 
genus 2 and h^{S,G) = 2 (see [T])- Let C G IG*! be a general member. 

The Kawamata-Viehweg vanishing theorem (see 2.4 below) gives the 
surjective map 

H%S, Ks + a*{Ks,) + + G-) ^ Lf°(G', Kc + Do), 

where deg(Do) > 0. This means that Ks + (J*{Ksff) + ^L~^ + G > 0 and 
that Ks + 3 cT*(iF 5 (,) + > G. So \Ks + ?>a*{KsQ) + ^L~^\ separates 

different general members of |G|. 

Applying the vanishing theorem again, we get the surjective map 

D0(5, Ks + 2a*{Ks,) + + G) ^ H\G, Kc + D), 

where deg{D) > 3. So \Ks + 3a*(Ks^) + ^L~^\\c gives a birational map. 
We are done. □ 

2.4. Vanishing theorem. We always apply the Kawamata-Viehweg 
vanishing theorem (see PI or [221)) which plays very effective roles 
throughout the whole context. It is also well-known that, on surfaces, 
one may apply the vanishing theorem without the assumption for ’’nor¬ 
mal crossings” (see 123). 

2.5. Set up for pi. Because of the successful 3-dimensional MMP, 
one may always study a minimal 3-fold. Let X be a minimal projec¬ 
tive 3-fold of general type with only Q-factorial terminal singularities. 
Suppose Pg{X) > 2 . We study the canonical map ipi which is usually a 
rational map. Take the birational modiffcation tt : X' —X, according 
to Hironaka, such that 

(i) X' is smooth; 

(ii) the movable part of \Kx'\ is basepoint free. (Sometimes we even 
call for such a modiffcation that those movable parts of a finite number 
of linear systems are all basepoint free.) 
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(iii) 71* {Kx) is linearly equivalent to a divisor supported by a divisor 
of normal crossings. 

Denote by g the composition (piOTi. g \ X' —W C is 

a morphism. Let g : X' B —W be the Stein factorization of g. 
We may write 

Kx' =Q 7r*{Kx) + El =Q Ml + Zi, 

where Mi is the movable part of Zi the hxed part and Ei an 

effective Q-divisor which is a Q-sum of distinct exceptional divisors. 
Throughout we always mean 7i*{Kx) by Kx' — Ei. We £x a divisor Kx' 
from the beginning. So, whenever we take the round up of rmr*{Kx), 
we always have '~m7i*{Kx)~' < mKx' for all positive number m. We 
may also write 

77*{Kx) =^Mi+E[, 

where E'i = Zi — Ei is actually an effective Q-divisor. 

If dim99i(X) = 2, we see that a general fiber of / is a smooth pro¬ 
jective curve of genus g > 2. We say that X is canonically fibred by 
curves of genus g. 

If dim99i(X) = 1, we see that a general fiber S' of / is a smooth 
projective surface of general type. We say that X is canonically fibred 
by surfaces with invariants {cKSo),Pg{S)), where So is the minimal 
model of S. We may write Mi = aiS where ai > Pg{X) — 1. 

A generic irreducible element S of \Mi\ means either a general mem¬ 
ber of \Mi\ whenever dim99i(X) > 2 or, otherwise, a general fiber of 
/. 


Theorem 2.6. Let X be a minimal projective 3-fold of general type 
with only Q-factorial terminal singularities and assume Pg{X) > 2. 
Keep the same notations as in 2.5. Pick up a generic irreducible ele¬ 
ment S of \Mi\. Suppose, on the smooth surface S, there is a movable 
linear system |G| and denote by C a generic irreducible element of IGI. 
Setf:= (7r*(Kx) ■C)x' and 


p := 


Oi > Pg{X) 


if dim99i(X) > 2 
otherwise. 


Assume 

(i) there is a positive integer m such that the linear system 


Ks + ^{m-2)7i*{Kx)\s^ 


separates different generic irreducible elements of\G\; 

(a) there is a rational number > 0 such that 7i*{Kx)\s — PC is 
numerically eguivalent to an effective Q-divisor; 

(iii) either the ineguality a := (m — 1 — ^ > 1 holds (set 

ao := or C is non-hyperelliptic, m — 1 — ^ — ^>0 and C is an 
even divisor on S. 
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Then we have the inequality > ^giC) — 2 + ao. Furthermore, ipm 
of X is birational onto its image provided either a > 2 or = 2 and 
C is non-hyperelliptic or C is non-hyperelliptic, m — 1 — ^ — ^>0 and 
C is an even divisor on S. 

Proof. We consider the sub-system 

\Kx' + - l)7r*(i^x) - -^P| C \mKx'\. 

p 

This system obviously separates different generic irreducible elements 
of \Mi\. By the birationality principle (PI) and (P2) of [H], it is suf¬ 
ficient to prove that \mKx'\\s gives a birational map. Noting that 
(m — 1)71*(Kx) — ^E[ — S' is nef and big, the vanishing theorem gives 
the surjective map 

H%X', Kx' + ^(m - 1)7 i*{Kx) - 

We are reduced to prove that \Ks -l- — 1)7t*{Kx) — S — 

gives a birational map. We still apply the principle (PI) and (P2) of 
|Hj. Because 

Ks + ^(m - l)7r*{Kx) -S- -E[^\s > Ks + - 2)7r*{Kx)\s^, 

p 

the linear system \Ks -l- ^{m — l)77*{Kx) — S — separates dif¬ 

ferent irreducible elements of |G| by assumption (i). Now pick up a 
generic irreducible element C G IG]. By assumption (ii), there is an 
effective Q-divisor H on S such that 

^7r*{Kx)\s = C + H. 

By the vanishing theorem, we have the surjective map 

H^S, Ks + ^(m - l)7r*{Kx) -S- - H)H\C, D), 

p 

where D ;= '~{{m — l)7r*{Kx) — S — — C — H^'lc is a divisor 

on C. Noting that 

((m - l)7r*{Kx) -S- ^E[)\s-C-H={m-1-^-^)7r*{Kx)\s 

and that C is nef on S', we have deg(Zi)) > a and thus deg(Zi)) > oq. 
Whenever C is non-hyperelliptic, m — 1 — i — ^>0 and C is an even 
divisor on S, deg(Zi)) > 2 automatically follows. If deg(Zi)) > 3, then 
\Ks + ^((m — l)n*{Kx) — S — ^E[)\s — H~'\\c gives a birational map 
by (2.1.2). Because 

\Ks + ^((m - l)7r*{Kx) -S- - H^\ 

C \Ks + ^(m - 1)7i*{Kx) - S - 
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we see that the right linear system in above gives a birational map. So 
ifm of X is birational. 

Whenever deg(Zi)) > 2, \Kc + D\ is basepoint free. Denote by \Mm\ 
the movable part of \mKxi\ and by \Nm\ the movable part of \Ks + 
'"((m — l)Tr*{Kx) — S — ^E[)\s — H~'\. By Lemma 2.7 of jSj, we have 

rmr*{Kx)\s > Nm and {N^ ■ C)s > 2g{C) - 2 + oq. 

The theorem is proved. □ 

3. Proof of the main theorem 

We study ipm according to the value d := dim(y 9 i(X). Obviously 
1 < d < 3. 

Theorem 3.1. Let X be a minimal 3-fold of general type with only Q- 
factorial terminal singularities. Assume Pg{X) > 3 and d >2. Then 
(i) (Pb is birational onto its image for pg{X) > 4. 

(a) ipQ is birational onto its image for pg{X) = 3. 

Proof. We take m = 5 and will apply Theorem 12.61 In this case, S is 
a general member of \Mi\. So S' is a smooth surface of general type. 
Set G := Mi\s. Then |G| is a basepoint free system on S', since g is a. 
morphism. Take a generic irreducible element C oi\G\. O is a smooth 
curve of genus > 2. We have p = 1. 

Case 1. If d = 3, then we may take {3 = 1. Because vr*(iLx)|s > G 
and |G| is not composed of a pencil of curves, Theorem l2.f)f B is satished. 
Noting that > 2 in this case, we have 

i = {'K*{Kx)\s-G)s>G^>2. 

Thus a = 2^ > 4. Theorem 12 .bl implies that (ps is birational. 

Case 2. If d = 2, then we may take {3 = 1 whenever Pg{X) = 3 and 
(3 = 2 whenever Pg{X) > 4. Noting that IGI is composed of a pencil, 
we have G = qG where q > Pg{X) — 2. 

When |G| is a rational pencil, since 7i*{Kx)\s > G, Theorem 12 .bf il 
is satished. 

When |G| is an irrational pencil, then q > 2. Pick up two different 
generic irreducible elements Gi and G 2 in IG*!. Then G — Gi — G 2 is 
nef. Note that 

Ks + ^37r*{Kx)\s^ > Ks + ^27r*{Kx)\s^ + G. 

Applying the vanishing theorem, we have the surjective map 

H%S,Ks+V{Kx)\s~'+G) ^ H%G,,Kc,+D^)®H%G2,Kc,+D2), 

where Di are of positive degree for all i. Thus H^{Gi, Kci + Di) 7 ^ 0. 
So the linear system \Ks + '’37r*(iCx)|s”'| separates different generic 
irreducible elements of IGI. Theorem I2.f)f ii is also satished. 
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By Proposition 5.1 of [S], (^4 is generically finite. This means that 
\\_A'n*{Kx)-i\s\ maps a general C onto a curve. Thus ‘i'n*{Kx)\s'C > 2 
and so ^ > i. 

Now take mi = 6. Then (mi — 3).^ > 1. Applying Theorem 12.51 one 
has Take m 2 = 5. Then (m 2 — 3).^ > 1. Theorem 12.51 gives 

Take m3 = 6. Then (m3 — 3 )^ > 2. Theorem 12.51 gives ■C ^ 
Similarly, if we take m 4 = 7, then we get ^ > f • 

When Pg{X) >4, a = (5 — 1 — 1 — > 2. Therefore, by Theorem 

12.51 (p 5 is birational. 

When Pg{X) = 3, a = (6 — 3)^ > 2. Thus (pe is birational. □ 

Remark 3.2. Examples 1.3 and 1.5 show that Theorem 3.1 is sharp. 

Theorem 3.3. Let X he minimal 3-fold of general type with only Q- 
factorial terminal singularities. Assume Pg{X) >2,d = l and g{B) > 
0. Then is birational onto its image. 

Proof. This is the simple case. Because g{B) > 0, the movable part of 
\Kx\ is already basepoint free on X and Mi = aS with a >2. So one 
always has 7i*{Kx)\s = cr*iXso), where S is the general hber of the 
derived hbration f : X' ^ B and a : S' —>■ S'o is the contraction onto 
minimal model. Note that 

7r*{Kx) -S--E[ = {1- -)7r*{Kx). 
a a 

Applying the vanishing theorem, we have the surjective map 

H^iX',KxM^AM{Kx) - -Ep) H\S, Ks + ^iA --)TT*iKxy\s). 

a a 

Also note that 

Ks + P4 - -)n*{Kxy\s >Ks + 3a*{Ks,) + Pl - -)Ej|p. 

CL CL 

If (A|^,pg(S)) ^ (1,2), then \Ks + 3a*{Kso) + ^{l - dehnes 

a birational map by 2.2 and so does 95515 . Otherwise, because E[\s = 
7r*{Kx)\s is nef and big and effective, we have the same conclusion 
according to Proposition 2.3. 

Because \bKxi\ separates different hbers of /, we may conclude that 
(ps is birational. □ 

Proposition 3.4. Let X he a minimal 3-fold of general type with only 
Q-factorial terminal singularities. Assume Pg{X) > 3, d = 1 and 
B = F^. Pick up a general fiber S of f : X' —>■ and let a : S ^ Sq be 
the contraction onto minimal model. Suppose that there is a movable 
linear system |G| on S with G < 2a*{Kso) and that |G| is not composed 
of an irrational pencil of curves. Then 

(i) |'”47r*(i7x)|s~'| separates different generic irreducible elements of 
|G| provided Pg{X) > 4. 

(a) |'” 57 r*(iPx)| 5 ~'| separates different generic irreducible elements of 
|G| provided Pg{X) > 3. 
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Proof. If Pg{X) > 4, then we have 0{3) ^ So we get 

This means that (pf\s dominates the bicanonical map of S. So 
^Ati*{Kx)\s~^ > because | 2 cr*(i^s'„)| is basepoint free by 

(2.2.4). Thus ^Ax\Kx)\s'^ > G. We are done. 

If Pg{X) = 3, then we have 0{2) ^ f^oox'- So we get 

C^(l) ® f^uix'/pi ^ f*^x'- 

This means that </ 95|5 dominates the bicanonical map of S. So 
^3ti*{Kx)\s'^ > 2 cr*(i^ 5 p), because \2a*{KsQ)\ is basepoint free. Thus 
''571*{Kx) \s~^ > G. We are done. □ 

Theorem 3.5. Let X be a minimal 3-fold of general type with only 
Q-factorial terminal singularities. Assume Pg{X) > 3, d = 1, B = 
and S is a surface with invariants {Kg^,pg{S)) ^ (1, 2 ) and ( 2 , 3) where 
Sq is the minimal model of S. Then 

(i) is birational whenever Pg{X) > 4. 

(a) (fQ is birational whenever pg{X) = 3. 

Proof. In order to apply Theorem 12 .hi we set G := 2a*{Kso) where 
(T : S' —>■ S'o is the contraction onto minimal model. By (2.2.4), |G| is 
basepoint free. So |G| is not composed of a pencil of curves. A general 
member G G IG] is actually non-hyperelliptic by (2.2.3). We set m = 6 , 
p = 2 whenever Pg{X) = 3 and m = 5, p = 3 whenever Pg{X) > 4. 

By the previous proposition, Theorem I2.bf il is satisfied. What we 
need is a suitable value (3 in order to perform the calculation. Denote 
by Mk the movable part of \kKx'\ for all k > 0. Note that the total 
number of linear systems we come across in our argument is hnite. So 
we may suppose, by modifying tt, that \Mk\ is basepoint free for upper 
bounded k. Pick up a number n > 0. Because 0{p) f*ujx', we have 

This means that M(p+ 2 )n+i|s > P^<^*{Xso), because \pna*{Kso)\ is 
basepoint free in general. Thus, for all n > 0, there is an effective 
Q-divisor E(^n) on S such that 

{{p + 2)n + l) 7 r*(iPx )|5 =Q {pn)a*{Kso) + 

So we may choose a in the number sequence { 2 {p+ 2 )n+ 2 1 > 0}- 

Suppose n is sufficient large, one may take a number f3 i—*• 2 ^^, but 

^ 2p+4‘ 

Nowifpg(X) > 4, then one may choose/3 such that (5—1 — ^ — ^) > 0. 
By Theorem 12 .til and because G is an even divisor, 995 is birational. 

If Pg{X) = 3, we may also choose a jB such that 6 — 1 — 2 — ^>0. 
By Theorem 12.hi (pg is birational. □ 
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Theorem 3.6. Let X be a minimal 3-fold of general type with only 
Q-factorial terminal singularities. Assume Pg{X) > 3, d = 1, B = 
and S is a surface with invariants {Kg^,pg{S)) = (2,3) where Sq is the 
minimal model of S. Then 

(i) 935 is birational whenever Pg{X) > 4. 

(a) ipQ is birational whenever pg{X) = 3. 

Proof. We will still apply Theorem 12.61 We may take p = 2 whenever 
Pg{X) = 3 and p = 3 whenever Pg{X) > 4. Pick up a general hber 
S. Take |G| to be the movable part of |cr*(iPsg)|. According to P, 
we know that |G| is not composed of a pencil and a general member 
C G |G| is a smooth curve of genus 3. By the vanishing theorem, we 
have the surjective map 

H\X', Kx' + ^'K^iKx) - -i?P) ^ Ks + 

p p 

So we have 2ti*{Kx)\s hj Lemma 2.7 of [S]. One may take (d = \. 
Note also that f = 1, because = 2. 

If Pg{X) > 4, take mi = 5 and then (mi — 1 — ^ > | > 1. 

Theorem EH gives ^ > |. Take m 2 = 6, we will get ^ > |. So 
a = (5 — 1 — i — I3)f > 2, which means (ps is birational. 

If Pg{X) = 3, then a = (6 — 1 — | — P)f > 2. So, by Theorem 12. 6 L 
(pQ is birational. □ 


3.7. The last case. Assume Pg{X) > 3, d = 1, B = and S' is a 
surface with invariants {Kg^,pg{S)) = (1,2), where Sq is the minimal 
model of S. Denote by a : S —> Sq the contraction map. Let / : X' —> 
be the derived hbration. Let Cq be the saturated sub-bundle of 
f^ojx' which is generated by H^{W, f^ujx')- Because \Kx' \ is composed 
of a pencil of surfaces and ipi factors through /, we see that Cq is a 
line bundle on P^. Denote £1 := /*a;x'/£o- Then we have the exact 
sequence 

0 —£0 —^ f*^x' —^ £1 —^ 0. 

Noting that rk(/*a;x') = 2, we see that £1 is also a line bundle. Not¬ 
ing that i7°(P^,£o) = iL°(P^,/*a;x')) we have h^(P^,£o) > h°(P^,£i). 
Note that deg(£o) = Pg{X) — 1 > 2. We have h^(P^,£o) = 0. So 
h°(P^,£i) = 0. On the other hand, it’s well-known that f^ujx'/p^ 
is semi-positive (see uni). Thus deg(£i 0 cdp/) > 0. This means 
deg(£i) > —2. Using the R-R, we may easily deduce that h^(£i) < 1. 
So 


h^(F^,f^uJx')) < 1 - 
So h\Ox) = h\F\f,uJx')<l. 


Claim 3.8. Keep the same assumption as in 3.7. Fix two smooth fibers 
Si and S 2 of f, the restriction map 

H\X\ Kx' + Si + S 2 ) 


H%S,Ks) 
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is surjective. 

Proof. Considering the exact seqnence: 

0 — Ox'{Kx' + Si — S) ^ Ox'{Kx' + Si) Os{Ks) —> 0, 
we have the long exact seqnence 

■ ■ ■ ^ H\Xj Kx' + Si) ^ H^{S, Ks) ^ H\Xj Kx') 

^ H\Xj Kx' + ^i) H\S, Ks) = 0, 

If, for a general hber S', ai is snrjective, then we see that 

dini<hx_„,+‘?i(5') = dini<I)i^ 3 (S') = 1 and dim (X) = 2. 

So dim + 5^+52 (X) = 2. We are done. Otherwise, cii is not snr¬ 
jective. Becanse ai ^ 0 , we see that h?{Ox') = h}{Xj Kx') > 1. 
Becanse K{Ox') < 1, so hfiOx') = 1 and (3i is snrjective. Therefore 
H^{X\ Kx' + Si) = 0. This also means that H^{X', Kx' -|- S") = 0 for 
any smooth hber S' since S' ~ Si. So we have i/^(X', Kx' -|- -|- S '2 — 

S) = 0, which means \Kx' + S'! -|- S' 2 | I 5 = IX^I. The claim is trne. □ 

Lemma 3.9. Keep the same assumption as in 3.7. Denote by |G| the 
movable part of \Ks\. Pick up a general member C G |G|. Then 

(i) 7r*(Xx)|5 —is numerically equivalent to an effective Q-divisor 
whenever Pg{X) > 4. 

(a) 'k*{Kx)\s — is numerically equivalent to an effective Q- 
divisor whenever Pg{X) = 3. 

Proof. We may assnme that, on X', all movable parts of a hnite nnmber 
of linear systems are basepoint free. Denote by Mk the movable part 
of \kKx'\ for all fc > 0 . Denote by Mq the movable part of \Kx' + 2 S'i|, 
where Si is a hxed smooth hber of /. Becanse 7i*{Kx) > 2S'i, by Claim 
13.81 we always have 

2 vr*(Xx)|s > M2\s > Mo\s >G^C, 

where G is the movable part of \Ks\ and G G IG] is a general member. 
So G is a smooth cnrve of genns two acording to [T]. 

Case 1. Pg{X) >4. We consider the snb-system 

\Kx' + 5{Kx' + 2Si) + 2{Kx' + 2^i) + ^i| C |13Xx'|. 

Denote by Mqo the movable part of |5(Xx' + 2S'i)|. By j^, we know 
already that (ps is generically hnite. So Mqo is nef and big. By the 
vanishing theorem, we have the snrjective map 

H\X', Kx' + Moo + 2Mo + ^ 1 ) Ks + Moo|s + 2 M 0 I 5 ). 

Noting that M 00 I 5 > 5Mq\s, we see that M 13 I 5 > 8 G by Lemma 2.7 of 
[S], becanse | 8 G| is movable on S. Thns 137i*{Kx)\s > 8 G. 

Case 2. Pg{X) = 3. First, we have the surjective map by the vanish¬ 
ing theorem 

H%X', Kx' + ^2M(Xx)^ + ^ 1 ) ^ H^S, Ks + ^2^:*{Kx)^s)■ 
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Denote by Mqi the movable part of \3Kx' + Si\. Then we have Mqi\s > 
2C by Lemma 2.7 of [5]. We consider the sub-system 

\Kx' + 3{3Kx' + Si) + Si\c \12Kx^\. 

Because (pg is generically hnite, the movable part Mqoo of |3(3iLx' + *S'i)| 
is nef and big. Thus we have the surjective map 

H%Kx' + Mooo + ^i) ^ H\S, Ks + MoooU)- 

Noting that Mqoo > 3Moi, we see that 127r*(iLx)|s > Mi 2 \s > TC. We 
are done. □ 

Theorem 3.10. Let X be a minimal 3-fold of general type with only 
Q-factorial terminal singularities. Assume Pg{X) >3, d = l, B = F^ 
and S is a surface with invariants {Kg^,pg{S)) = (1,2), where Sq is 
the minimal model of S. Then 

(i) y :>5 is birational whenever pg{X) > 4. 

(a) (pe is birational whenever pg{X) = 3. 

Proof. By Proposition 3.4, Theorem Eli) is satished. From the claim 
of Proposition 5.3 of [Sj, we know that ■C ^ 

If Pg{X) > 4, we may take p = 3 and ^ by Lemma 3.9. Take 
mi = 5. Then (5 — 1 — ^ — ^).^ > |§ > 1- Theorem 12.bl gives ■C > f- 
Take m 2 = 6. Then Theorem 12 . bl gives ^ > |. ■■■. Take m 4 Q = 50. 
Theorem 12.01 gives ^ > ||. Now a = (5 — 1 — | — y)^ > > 2. 

Theorem 12.01 implies that 935 is birational. 

If Pg{X) = 3, we may take p = 2 and ^ by Lemma 3.9. Take 
mi = 0. Then {mi — 1 — | — y).^ > y. Theorem 12.01 gives ■C > §• Take 
m 2 = 5. Then (5 — 1 — | — y).^ > |f > 1- Theorem 12.01 rives ■C > |- 
Now a = (0 — 1 — | — y)^ > H > 2. Thus (pe is birational. □ 

Theorems 13.1113.3113.5113.01 and 13.101 imply Theorem o 

4. Applications to the case Pg = 2 

We present an application of our method to the case Pg = 2. Through¬ 
out this section, we always assume that X is a minimal 3-fold of general 
type with pg = 2. Naturally, \Kx\ is composed of a pencil of surfaces. 
We keep the same notations as in 2.5. So we have a derived hbration 
f-.X'^B. 

4.1. Suppose g{B) > 0. By Theorem 3.3, is birational. So we only 
need to study the situation with g{B) = 0. 

4.2. Generalized birationality principle. We formulate a gener¬ 
alized birationality principle here in order to state the birationality of 

ipT. 

(GP). Let IF be a smooth projective variety. Suppose that we have 
a linear system A which is not necessarily a complete one and that 
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we have a movable linear system |G| on W. Denote by if a generic 
irredncible element of |G|. Assnme that 

(i) either H is smooth or if is a cnrve (not necessarily smooth); 

(ii) A separates different generic irredncible elements of |G|; 

(hi) A\h gives a birational map onto its image. 

Then A gives a birational map. 

Now we consider the system \7Kx'\- Let S' be a general hber of /. 
Snppose g{B) = 0. In order to prove the birationality of 997 , we have 
to stndy the system \lKxi\\s which is not necessarily a complete linear 
system. On the snrface S', we always take a movable system |G| where 
either G := 2a*{KsQ) oi G < 2a*{KsQ) and IGI is not composed of an 
irrational pencil of cnrves. Becanse 

^( 1 ) ® ^ 

SO IGI C \7Kx'\\s- This means that (ii) is satished. Note also that (i) 
is antomatically satished. We may replace Theorem 12.61 11 by (GP) and 
verify Theorem D.bf iil and Theorem ESthi) case by case as follows. 

4.3. Finding j3. We have 

^( 1 ) ® f*^X'/B f*^X'- 

Becanse | 4 cr*(A' 5 (,)| is base point free and by Lemma 2.7 of [Sj, we have 
Misls > 4:a*{Kso). We still call for a good n snch that a hnite nnmber 
of movable linear systems on X' are all base point free. Noting that 
Mi 3 is nef and big, by the vanishing theorem, we have the snrjective 
map 

H\X', Kx' + Mi3 + ^) ^ H\Ks + M 13 I 5 ). 

Using Lemma 2.7 of |S] again, we have Mi^\s > 5 cr*(f 75 o). Repeating 
this procednre, we may get, for alH > 0 , 

{2t + 13)7r*(iLx)|5 > M2t+i3\s > (t + 4:)a*{KsQ). 

This means, in fact, that we may choose a [3 snch that [3 \—*• | and 
that 'n*{Kx)\s — l3o'*{Kso) is nnmerically eqnivalent to an effective Q- 
divisor. 

4.4. Suppose {Kg^,pg{S)) 7 ^ (1,2) and (2,3). Set m = 7, p = 1 and 
G := 2a*{KsQ)- Then a general G G |G| is a smooth non-hyperelliptic 
curve. By (4.3), we may take /9i—^1. So m — 1 — 1 — ^>0. Thus 
Theorem 12.61 gives the birationality of <^ 97 . 

4.5. Suppose {Kg^,pg{S)) = (2,3). We set m = 7, p = 1 and G to 
be the movable part of \Ks\. Then |G| is not composed of a pencil 
and a general member G G |G| is a curve of genus 3 and G^ = 2. 
By (4.3), we may take /3 h-^ 1. Also we have ^ > iG^ = 1. Now 
a = {m — 1 — 1 — 4)^ > 2. Thus 997 is birational. 
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4.6. Suppose {Kg^,pg{S)) = (1,2). We set m = 8, p = 1 and G to be 
the movable part of \Ks\- Then a general member C G |G| is a smooth 
curve of genus 2. By (4.3), we may take /? i—*• 1. By the Claim of 
Proposition 5.3 of [S], we know ■C ^ Now a = (m — 1 — 1 — ^).^ i—*• 
^ > 2. Thus ips is birational. 

4.7. Summary and remarks. What we get is the birationality of (ps 
for 3-folds of general type with pg = 2. Unfortunately, we don’t know 
whether this is optimal. We don’t have any supporting examples. 
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